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Abstract There are several studies in the literature with the main motivation of obtaining
new and general inequalities with the help of the Caputo-Fabrizio fractional integral
operator, which attracts the attention of many researchers as an important concept in
fractional analysis. In this study, new Hadamard type inequalities for s —convex functions
are presented. The findings were obtained by the properties of the class of the function, the
structure of the operator and the basic analysis methods.
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1. Introduction

Inequality theory is a field in which many researchers work, with new findings that
can be given applications in many disciplines such as mathematical analysis,
statistics, approximation theory and numerical analysis together with convex
functions. Although the concept of convex function is a concept intertwined with
inequalities by definition, it has also formed the main motivation of many
researches with its aesthetic structure, features and different types. Let's start with
the definition of this important class of functions.

Definition 1.1. A function f: I € R = R js said to be convex if

flx+(1-Dy) £ Af(x) + (1 -Df(¥)

forall x, v €1, 1€[0,1].

The Hermite-Hadamard inequality, a famous inequality made using convex
functions, produces lower and upper bounds for the mean value of a convex
function. Let us now recall the Hermite-Hadamard inequality.
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The function f:I € R — IR be a convex function, for a,b €I and f € L, [a,b]
then the following double inequality holds:

f(aTerijfla :f(x)dxsw

Definition 1.2. ([3]) A function f: [0,22) — R is said to be 5 —convex in the first
sense if

flAx+(1-Dy) = Ff() + (A - 2)fF ()

forall x,y €[0,%), A €[0,1]and for some fixed s e (0,1].

Fractional analysis has its origins as old as classical analysis and has
recently become a trending topic that has increased its effectiveness. Fractional
analysis, which is basically built on fractional derivatives and integrals, has been
the focus of attention of many researchers due to its advantages over classical
analysis in explaining physical phenomena.

The fact that the derivative operator does not have a single definition in
fractional analysis comes to the fore in obtaining stable solutions for the solution of
differential equations and real world problems. The new fractional derivative
operators and associated integral operators introduced in the field of fractional
analysis differ from each other in terms of their various properties. It is known that
derivative operators differ according to their usage areas, considering the properties
of the kernel structure such as locality and singularity, its compatibility with the
classical derivative, and the various algebraic properties it provides.

In addition, some of the new operators defined are important because they
have the general form and some of them are given in the forms in which the two
operators are given together. However, the main motivation point here is the
efficiency and productivity of fractional operators in their application areas.

In this study, first of all, a general introduction to the fractional integral
operators will be made and then the relations between them will be revealed. By
following the basic definitions and historical development, it will be provided to
refresh the information by giving important ideas about fractional analysis. We will
prove some new integral inequalities of Hadamard type via Caputo-Fabrizio
fractional integral operators for s —convex functions.

2. Fractional Integral Operators

We will first start by introducing the Riemann-Liouville fractional integral
operators, an integral operator that can be considered one of the cornerstones of
fractional calculus. The operator in the definition is a concept that is widely used in
the field of inequalities as well as fractional differential equations.
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Definition 2.1 ([13]) Let f €L [a,b]. The Riemann-Liouville integrals
JJ T and J; f oforder & >0 are defined by
JEf(t)= b f(t —x)“ T (x)dx, t>a )
I'(a) =
and

Jb_f(t)——j (x—t)“1f(x)dx, t<b @)

respectively where I'(«) = _[O e 't“dt.

Here we note that if we set @ = 0, it is clear
that

ILFW)

j(t —X)* 7 (x)dx

tt=x" t 1
= f(X)dx=|o(t—x)f (x)dx=="1(t
r() aoj(l)' (x) {( )T (dx =2 1()
In the case of « =1, the fractional integral reduces to classical integral.

In [1], Abdeljawad defined the right-left conformable integrals as
followings associated with the conformable derivative:

Definition 2.2 ([1]) Let ¢ € (n,n+1], n=0,1,2,... and set f=a —n.
Then the left conformable fractional integral of any order « > 0 is defined by

0© == [ (6= 0" - ()

Definition 2.3 Analogously, the right conformable fractional integral of
any order « > 0 is defined by

(LA = 1] (x— (b — 0 f()dx

If we choosea=n+1, then pf=a-n=n+l1-n=1, hence

(12,50 =@2 )W) and C1,,,F)(1) = (7 k).

After the definition of conformable integrals, the new conformable
integrals have a general form, giving a rapid movement to fractional analysis. Due
to with this integral, the generalization of various integrals such as Riemann-
Liouville fractional integral, Hadamard fractional integrals, generalized fractional
integral operators has been revealed. In [9], this integral operator defined by Jarad
et al. is given in the following definition.

Definition 2.4 ([9]) Let § € C, Re() = 0, then the left and right sided fractional
conformable integral operators has defined respectively, as follows;

B o 1 x [x—a]ﬁ—(t—a]'x)'g_1£
L= —ar

e (t—a)l =
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and

Bra_f(x) = 1 f (b—xj"‘—(b—f)“)g_l f(t)
S = F(ﬁ]L( : et

With this newly defined operator, many results in the literature have been
generalized and expanded. For example, if we set « =1 in the obtained results are
found to yield the same results involving Riemann-Liouville fractional integrals.

Now, the iterations that will lead to the derivation of the Katugampola
integral operator will be introduced. Katugampola (see [10] and [11]) has defined
the following iterative process in 2011:

[trat, [, [0 (¢, —(’?Jrl)l)l [ =e) e £ (o),

for n € M. Katugampola’s concept of fractional integral, defined in [10] and also
in [11] can be remind as followings.
Definition 2.5. ([10]) Let f e [a,b], the left-sided Katugampola fractional

integral I; f of order @ € C, Re(a) = 0 is defined by
. l—ﬂ‘: x tp—l
.{ + =
N0 =t |, Grmey

the right-sided Katugampola fractional integral pl:_f of order a €C,

Re(a) = 0 is defined by

f(t)dt, x=a

o—1

(Pfﬁ—f)(xj=?[;;f (tp_txpjl_mf(rjdr, x<h

Remark 2.6. If we set p =1 then the Katugampola fractional integrals overlapped

with the Riemann-Liouville fractional integrals.

It is noteworthy that all of these operators introduced in the historical
development have a kernel structure that includes singularity. In order to eliminate
the limitations in the studies in which these operators are used, derivative and
associated integral operators with non-singular kernels are given by Caputo and
Fabrizio as follows.

Definition 2.7. ([4]) The Caputo-Fabrizio fractional derivative of order # is as
follows

(020 =15, v (0375 e
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and let 0 << @ < 1. The fractional integral of order ¥ of a functionf is defined
by

- _ 2(1—4)
O = g @ TG = ﬂjm(ﬂjf

where M () is the normalization function.

u(t) + u(s)ds, t=0

3. Integral Inequalities via Fractional Integral Operators

In this part of the study, various integral equations that have been brought
to the literature with the help of fractional integral operators and some integral
inequalities obtained from these equations will be given.

The following integral identiy was proved by Set in 2012.

Lemma 3.1 ([17]) Let f:[a,b] = R be a differentiable mapping on

(a,b) with a<b.If f eL[a,b], thenforall x[a,b] and & >0 we have:

e R SRICIT

th“f (tx + (1—t)a)dt — th“f (tx+ (1-t)b)dt

where I'(a) = _I’D e *u* 1du.

The author has proved some new Ostrowski type integral inequalities for
s —convex functions via Riemann-Liouville fractional integrals. The findings of
the author are generalizations of the earlier results.

Theorem 3.2. ([17]) Let f:[a, b] € (0,00) = R, be a differentiable

mapping on (@,b) with a <b suchthat f eL[a,b]. If | f | is s —convex in the

second sense on [a,b] for some fixed s<(0,1] and | f (X)|<M,xea,b], then
the following inequality for fractional integrals with « > 0 holds:

(x—a)" +(b—x)“ I'(ar+1) .
I( Y Jf() (b_a) - @+ 37 T(0)]]

.M [1+F(a+1)1“(s+1)]{(x—a)“*l+(b—x)““}

“b-a INa+s+1) a+s+1
where I" is Euler gamma function.
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After proving the inequalities in general form with the Hadamard and
Ostrowski type with the help of Rieamnn-Liouville fractional integral operators,
the new Hadamard type inequalities containing the products of different types of
convex functions were proved with the help of Riemann-Liouville, Katugampola
and conformable integrals as follows.

Novel Hermite-Hadamard type inequalities for products of two different
kinds of convex functions are presented by Chen and Wu in [5] as follows:

Theorem 3.3. Let f,g:[a.b] = R, a,be[0,0), a<b be functions
such that and g, fg € L[a,b]. If f is convex and nonnegative and g is s-convex

on [a,b] for some fixed s<[0,1], then the following inequality for fractional
integrals holds:

I'a)

boay b fB)a®) + 37 f(@g(a)]

s( ! +B(a,s+2)]|v| (a,b)
a+s+1

1
(a+s)(a+s+1)

+(B(a+1,s+l)+ JN(a,b),

where M (a,b) = f(a)g(a)+ f(b)g(b),N(a,b) = f(a)g(b)+ f(b)g(a).
In [18], some similar results have been established for different kinds of
convexity via conformable fractional integrals that were defined by Abdeljawad:

Theorem 3.4. Let f,g:[a,b] = R, be functions with 0<a<b and
f,g, fg e L[a,b]. If f isconvex and nonnegative and g is s-convex on [a,b]

for some fixed s<[0,1], then one has the following inequality for conformable
fractional integrals:

1

bom LB L @)
M (a,b)

n!
N (a,b)

n!

< [B(Nn+s+2,a-n)+B(n+1,a—n+s+1)]

+

[B(n+2,a—n+s)+B(s+n+1,a—n+1)]

with ae(nn+1].
(M(a,b) = f(a)g(a)+ f (b)g(b),N(a,b) = f(a)g(b)+ f (b)g(a))
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In [2], by the motivation of the earlier studies, Akdemir et al. have proved
some new approaches but now for new conformable fractional integrals that were
defined by Jarad et al.:

Theorem 3.5. Let f,g:[a, b] = R, be functions with 0<a<b and
f,g, fg e L[a,b]. If f isconvex and nonnegative and g is s-convex on [a,b]

for some fixed se[0,1], then one has the following inequality for new
conformable fractional integrals:

1 (22) 7 1B [F3F0 ) + £S5 fe@] @

1 1
a+s+1l af+s+1

s{ﬂl(s+2,a)—ﬂl(s+2,aﬂ)+ }M(a,b)

+[B.@2,a+s)- B2, af +s)+ f(s+1,a+1) - B,(s+1,a8 +1)|N(a,b)

where a, >0 and i is Euler Beta function.
(M(a,b) = f(a)g(a) + f (b)g(b),N(a,b) = f(a)g(b) + f (b)g(a))

In [6], Celik et al. have discussed some new Hadamard type integral
inequalities via Katugampola fractional integrals as followings:

Theorem 3.6. Let f.g: [a?, b?] = RZ, be functions with 0<a <b and
f,g,fge X2(@”,b”). If f is convex and g is s-convex on [a”,b”] for
a,p € RT, with h(u)=u” and for some fixed se0,1], then one has the
following inequality for Katugampola fractional integrals:

s | IS g o h(B) + PI-[fgo (@] (@)

1
a+s+1

SM(ap,bp)l[ +B(a,s+2)}
P

+N(a”,bp)£{8(a+1,s+1)+ ! }
P (a+s)(a+s+1)

where
M(a”,b”) = f(a”)g(@”)+ f(b”)g(b”) and N(a”,b”) = f(a”)g(b”)+ f(b”)g(a”)

To provide more details related to fractional integral operators and fractional
integral inequalities, see the papers [7, 8, 12, 14-16, 19].
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4. New Results via Caputo-Fabrizio Fractional Integral Operators

In this section, we will obtain some new Hadamard type integral
inequalities for = — convex functions via the Caputo-Fabrizio fractional operators.

Theorem 4.1. Let I € IR, Suppose that f: [a, b] E1 — Risas —convex
function in the first sense on [a, b] such that f € L, [a,b]. Then, we have the
following inequality for Caputo-Fabrizio fractional integrals:

(F12F) (k) + (F1 £) ()
- 2(1l—a)f(k)(s+ 1) +al(b— a][f[cx] +sf[b])
- B(a)(s+ 1) )

where B{a) = 0 is normalization function, s € (0,1] and & € [0,1].

Proof. By using the definition of 5 —convex function in the first sense, we can
write

flta+ (1—t)b) = t5f(a)+ (1 —t%)f(b).

By integrating both sides of the inequality over [@,1] with respect to ¢, we get
1 1 1
J f(ta+(1—t)b)dt < j t°f(a) dt + f (1—t%)f(b)dt.
o o o

By changing of the variable as x = ta + (1 — t)b and by calculating the
integrals in right hand side, we obtain
Lor® f(a) +sf(b)
dy = ———,

bh— a_L f(x) B s+1

By multiplying both sides of the above inequality with
2(1—a)
Ela)

alb—al .
Ba) and adding

f(k), we have

10
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2(1—a)
7 @ HEB(( ]f]f(x)dx (b—a) f(a) +sf(b)
= B(ea) fa+ B(ea) s+1

By simplfying the inequality, we get

[1-3 o } (—f(k]—F f f(«"C]fiX)
L 0+ S

This completes the proof.

Theorem 4.2. Let I € IR, Suppose that f: [a, b] E1 — R is s —convex function

in the first sense on [a, &] such that f € L, [a,b]. Then, we have the following
inequality for Caputo-Fabrizio fractional integrals:

(L)) + (=) (R)
2(1 - Df W) s+ D7 +alb - ) (f(@) + F B @37 )

= T

Bla)(ps +1)7

where B(a) = 0 is normalization function, s € (0,1], q = 1,1 +E =1 and
P g
a € [0,1].

Proof. We will start to the proof with the definition of s —convex function in the
first sense, namely

flta+ (1—t)b) = t5f(a)+ (1 —t%)f(b).

By integrating both sides of the inequality over [0,1] with respect to t, we have

flf(m-l-(l—t]b] dt 5f1r3f(aj dt—l—jl(l—tfjf(bjdt.

If we apply the Holder's inequality to the right-hand side of the inequality, we get

11
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J |f(ta + (1 — £)b)|dt

(e ()
+ F(b) (( J; (- e dr)a ( J; 11@&::)5).

By using the fact that |1 — (1 — )%|fF <1 — |1 —¢t|*f fora = 0,8 = 1, we
can write

J. |f(ta + (1 — t)b)|dt

oo ((of )
£ £(b) (( J -y dr)a ( [ 11%:)5).

Here, we use the fact that

Jllf(m—k (1—t)b)|dt
< f(a) ((p‘g:_ 1)% [1?)%)+ f(b) ((pspi 1)%(1@%).

By changing of the variable as x = ta + (1 — t)b, we deduce

f(a) +F(b) (PSJE_

N
~ e (ps+ 1)

12
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By multiplying both sides of the above inequality with E';_;} and adding

:, =) F(k), we provide
2(1—9:] b
g%f(kj+a[§}_ﬂjf(ﬂj+f[b][ps]ﬂ
@ () (ps + 1)?

By using the definition of the Caputo-Fabrizio integral operators in the resulting
inequality, we get the desired result.

Theorem 4.3. Let I € IR, Suppose that f: [a, b] E1 — Risas —convex
function in the first sense on [a, b] such taht f € L, [a, b]. Then ,we have the
following inequality for Caputo-Fabrizio fractional integrals:

(FIZ F)(R) + (°FIE ) (K)

2(1 - ) f(Kpalps + 1) +alb —a) (f(a) (g +ples + 1) + £ (b) (pas + p(ps + 1))

B(a)pq(ps+ 1)

where B(a) = 0 is normalization function, s € (0,1], ¢ = 1% —I—i =1and
a € [0,1].

Proof. From the definition of s —convex function in the first sense on [a, b], we
have

flta+ (1—t)b) <t°f(a) + (1 —t%)f(b).
By integrating both sides of the inequality over [0,1] with respect to ¢, we get

flf(ra+(1—rjbj dt Eflt-"f(a] dr+f1(1—rfjf(bjdr.

If we apply the Young's inequality to the right-hand side of the inequality, we
obtain

13
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J |f(ta + (1 —t)b)|dt

1t 1t
Ef[a](gj;t-"‘?’dt+gj; 1‘i‘dt)

1t 1t
+f(b](5J;(1—r]?’dr+EJ; 1?:1::).

By using the factthat |1 — (1 — £)%|F <1 — |1 —¢t|*f fora = 0,8 = 1, we
can write

J |f(ta + (1 —t)b)|dt

1t 1t
5f(a](;£t”dt+aj; 1‘?dt)

1t 1t
+f(b](EJ;[1—t]?’dt+EL 1‘?dt).

By changing of the variable as x = ta + (1 — t)b and by computing the
integrals we obtain

o f f(:c]dx{f(aj(—(p - )+f(](p—[ps - 1)

f(a)(q+plps+1) + f(B)(pgs +plps + 1))
pq(ps + 1)

1 ]
mf flx)dx =

By multiplying both sides of the above inequality with E;?;;} and adding
201~ E}f[k] we have
Mf(k] + —fbf[ )dx
B(a) B(E ) |
2(l—a
< f®
a(b—a) f(a)(g + p(ps+ 1) + f(b)(pgs + p(ps + 1))
B(a) pq(ps +1) '

By simplfying the inequality, we get the following inequality

14
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1—o frd K 1— o frd b
(570t | 1)+ (7@ +3g5 [ 700
- 2(1 - a)f(k)pg(ps+ 1) + alb —a) [f(a)(q +plps+ 1) + f(b)(pas +p(ps + 1)))
- B(a)pg(ps+ 1)

which implies that

(F15F) (k) + (F1 £) ()

2(1 - a)f(Kpa(ps + 1) + a(b — a) (f(@)(q +pps + 1) + £ (b) (pas + p(ps + 1))
B(a)pg(ps + 1)

This completes the proof.
Remark 4.4. If we set s = 1 in the main findings, we obtain new estimations for
convex functions via Caputo-Fabrizio fractional integrals.
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